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Abstract 

In this paper, we compute the index form of the muhiply twisted products. 
We study the Kilhng vector fields on the multiply twisted product manifolds and 
determine the Killing vector fields in some cases. We compute the curvature 
of the multiply twisted products with a semi-symmetric metric connection and 
show that the mixed Ricci-flat multiply twisted products with a semi-symmetric 
metric connection can be expressed as multiply warped products. We also study 
the Einstein multiply warped products with a semi-symmetric metric connec- 
tion and the multiply warped products with a semi- symmetric metric connection 
with constant scalar curvature, we apply our results to generalized Robertson- 
Walker spacetimes with a semi-symmetric metric connection and generalized 
Kasner spacetimes with a semi-symmetric metric connection and find some new 
examples of Einstein affine manifolds and affine manifolds with constant scalar 
curvature. We also consider the multiply twisted product Finsler manifolds and 
we get some interesting properties of these spaces. 
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1 Introduction 

The (singly) warped product B XbF of two pseudo-Riemannian manifolds {B^qb) 
and {F,gp) with a smooth function b : B ^ (0,oo) is the product manifold B x F 
with the metric tensor g = Qb ® b^9F- Here, {B,gB) is called the base manifold 
and {F^gp) is called as the fiber manifold and h is called as the warping function. 
Generalized Robertson- Walker space-times and standard static space-times are two 
well-known warped product spaces. The concept of warped products was first intro- 
duced by Bishop and ONeil (see [BO]) to construct examples of Riemannian mani- 
folds with negative curvature. In Riemannian geometry, warped product manifolds 
and their generic forms have been used to construct new examples with interesting 
curvature properties since then. In [DD], F. Dobarro and E. Dozo had studied from 
the viewpoint of partial differential equations and variational methods, the problem 
of showing when a Riemannian metric of constant scalar curvature can be produced 
on a product manifolds by a warped product construction. In [EJK], Ehrlich, Jung 
and Kim got explicit solutions to warping function to have a constant scalar curvature 
for generalized Robertson- Walker space-times. In [ARS], explicit solutions were also 
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obtained for the warping function to make the space-time as Einstein when the fiber 
is also Einstein. 

One can generalize singly warped products to multiply warped products. Briefly, 
a multiply warped product {M,g) is a product manifold of form M = B X},-^ Fi 
^2 - ■ ■ Xbm with the metric g = Qb ® ^i^Fi © b\gF2 ■ ■ ■ ® b'^dFm^ where for each 
i G {1, • • • , m}, bi : B ^ (0, oo) is smooth and (Fj, gpi) is a pseudo-Riemannian man- 
ifold. In particular, when B = (c, d) with the negative definite metric g^ = —dt^ and 
{Fi,gF.) is a Riemannian manifold, we call M as the multiply generalized Robertson- 
Walker space-time. Geodesic equations and geodesic connectedness of multiply gener- 
alized Robertson- Walker space-times were studied by Flores and Sanchez in [FS] and 
they also noted that the class of multiply generalized warped space-times contains 
many well known relativistic space-times. In [Ul], necessary and sufficient conditions 
were obtained about geodesic completeness of multiply warped space-times. In [DUl], 
Dobarro and Unal studied Ricci-fiat and Einstein-Lorentzian multiply warped prod- 
ucts and considered the case of having constant scalar curvature for multiply warped 
products and applied their results to generalized Kasner space-times. 

Singly warped products have two natural generalizations. A doubly warped prod- 
uct {M,g) is a product manifold of form M =/ B Xf, F, with smooth functions 
6 : i? — > (0, oo), / : F — ^ (0, oc) and the metric tensor g = f'^gs © b'^gp- In [U2], Unal 
studied geodesic completeness of Riemannian doubly warped products and Lorentzian 
doubly warped products. A twisted product {M,g) is a product manifold of form 
M = B X}, F, with a smooth function b : B x F ^ {0,oo), and the metric tensor 
9 = 9b® b^gF- In [FGKU], they showed that mixed Ricci-flat twisted products could 
be expressed as warped products. As a consequence, any Einstein twisted products are 
warped products. So it is natural to consider multiply twisted products as generaliza- 
tions of multiply warped products and twisted products. A multiply twisted product 
(M, g) is a product manifold of form M = B Xb^^ Fi Xb^ F2 ■ ■ ■ x^^ F„i with the metric 
g = gB®blgF^®blgF2 ■ ■ -^bl^gFr^, where for each i G {1, • • • ,m}, 6j : BxFi-^ (0,oo) 
is smooth. 

In [EK] , Ehrlich and Kim constructed the index form along timelike geodesies on 

a Lorentzian warped product and applied this index form to generalized Robertson- 
Walker spacetimes. In [CK], they computed the index form of multiply generalized 
Robertson- Walker spacetimes. In the first part of this paper, we compute the index 
form of multiply twisted products. In [Sa], the curvature and Killing vector fields of 
generalized Robertson- Walker spacetimes were studied. The non-trivial Killing vec- 
tor fields of these space-times were characterized. In [DU2], they provided a global 
characterization of the Killing vector fields of a standard static spacetime by a sys- 
tem of partial differential equations. By studying this system, they determined all 
the Killing vector fields when Riemannian part was compact. In the second part of 
this paper, we study the Killing vector fields of multiply twisted products and in some 
cases, we can determine all Killing vector fields. 

The definition of a semi-symmetric metric connection was given by H. Hayden 
in [Ha]. In 1970, K. Yano [Ya] considered a semi-symmetric metric connection and 
studied some of its properties. He proved that a Riemannian manifold admitting 
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the semi-symmetric metric connection has vanishing curvature tensor if and only 
if it is conformally fiat. Motivated by the Yano' result, in [SO], Sular and Ozgur 

studied warped product manifolds with a semi-symmetric metric connection, they 
computed curvature of semi-symmetric metric connection and considered Einstein 
warped product manifolds with a semi-symmetric metric connection. In the main part 
of this paper, we consider multiply twisted products with a semi-symmetric metric 
connection and compute the curvature of a semi-symmetric metric connection. We 
show that mixed Ricci-flat multiply twisted products with a semi-symmetric met- 
ric connection can be expressed as multiply warped products which generalizes the 
result in [FGKU] . We also study the Einstein multiply warped products with a semi- 
symmetric metric connection and multiply warped products with a semi-symmetric 
metric connection with constant scalar curvature, we apply our results to generalized 
Robertson- Walker spacetimes with a semi-symmetric metric connection and general- 
ized Kasner spacetimes with a semi-symmetric metric connection and we find some 
new examples of Einstein affinc manifolds and affine manifolds with constant scalar 
curvature. We also classify generalized Einstein Robertson- Walker spacetimes with a 
semi-symmetric metric connection and generalized Einstein Kasner spacetimes with 
a semi-symmetric metric connection. 

On the other hand, Finsler geometry is a subject studying manifolds whose tan- 
gent spaces carry a norm varying smoothly with the base point. Indeed, Finsler 
geometry is just Riemannian geometry without the quadratic restriction. Thus it is 
natural to extend the construction of warped product manifolds for Finsler geometry. 
In the first step, Asanov gave the generalization of the Schwarzschild metric in the 
Finslerian setting and obtained some models of rclativety theory descried through 
the warped product of Finsler metrics [Asl,2]. In [KPV], Kozma-Peter-Varga defined 
their warped product for Finsler metrics and concluded that completeness of warped 
product can be related to completeness of its components. In [HR], Using the Cantan 
connection for the study of warped product Finsler spaces, they found the necessary 
and sufficient conditions for such manifolds to be Riemannian, Landsberg, Berwald, 
and locally Minkowski, separately. In [PT] and [PTN], they considered the doubly 
warped product Finsler manifolds and found the necessary and sufficient conditions 
for such manifolds to be Riemannian, Landsberg, Berwald, Douglas, locally dually 
flat. They also defined the doubly warped Sasaki-Matsumoto metric for warped 
product manifolds and found a condition under which the horizontal and vertical 
tangent bundle were totally geodesic. In this paper, we consider multiply twisted 
product Finsler manifolds. Let (B,Fb), {Mi,Fi), 1 < i < m be Finsler manifolds 
and fi : B X M, — )• (0, -|-oo) be a smooth function. Let tTj : TMj — )• M, be the 
projection map. The product manifold B x Mi x • • • x endowed with the metric 
F : TB^ X TM^ ■■■ x TM^ ^ R is considered, 

F{vo,Vi,--- ,Vm) 

/ 2 2 2 

= y Fb (vq) + f^{TTo{vo),TTi{vi))Fi (ui)H h f?ai'^o{vo),T^miVm))Frn Kn), (1-1) 

where TB^ = TB - {0}, TM? = TMi - {0}. We find the necessary and suflicient 
conditions for multiply twisted product Finsler manifolds to be Riemannian, Lands- 
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berg, Berwald, locally dually flat, locally Minkowski.We also define the generalized 
twisted Sasaki-Matsumoto metric and get a condition under which the horizontal and 
vertical tangent bundle arc totally geodesic. 

This paper is arranged as follows: In Section 2, we compute curvature and the 
index form of multiply twisted products. In Section 3, we study the Killing vector 
fields of multiply twisted products and in some cases, we can determine all Killing 
vector fields. In Section 4, we study multiply twisted products with a semi-symmetric 
metric connection. In Section 5, we study multiply twisted product Finsler manifolds. 



2 The index form of the multiply twisted products 

Definition 2.1 A multiply twisted product {M,g) is a product manifold of form 
M = Bxb^ Fi Xfe2 ^2 • • • Xbm with the metric g = ® bjgF^ © blgF2 • • • © bl^gPm^ 
where for each i e {!,■ ■ ■ , m}, bi : B x ^ (0, oo) is smooth. 

Here, {B,gB) is called the base manifold and {Fi,gp.) is called as the fiber mani- 
fold and bi is called as the twisted function. Obviously, twisted products and multiply 
warped products are the special cases of multiply twisted products. 

Proposition 2.2 Let M = B Xh^ Fi F2 • • • Xj^^ Fm be a multiply twisted product 
and let X,Y e r{TB) and U G r{TFi), W G r{TFj). Then 

(1) VxY = V^Y. 

(2) VxU = VuX = ^U. 

(3) VuW = ifi^f. 

(4) VuW = U{\nbi)W+W{\nbi)U-^-^^^^gradF.bi-bi^^^^ if i = 
j- 

Proposition 2.3 Let M = B x^^ -Fi x^^ F2 • • • x^^ F^ be a multiply twisted prod- 
uct, then B is a totally geodesic submanifold and F^ is a totally umbilical submanifold. 

Define the curvature, Ricci curvature and scalar curvature as follows: 
R{X, Y)Z = VxVy - Vy Vx - V[x,y], 

Ric(X, y) = ^ £fe < R{X, Ek)Y, Ek>, S = Y, £kRic{Ek, Ek), 
k k 
where is a orthonormal base of M with < E^jE^ >= e^. The Hessian of / is 
defined by Hf{X, Y) = XYf - {VxY)f. 

Proposition 2.4 Let M = B x^,^ Fi Xi,^ F2 - ■ ■ x^^ Fm be a multiply twisted product 
and let X,Y,Z e T{TB) and V G T{TFi), W G T{TFj), U G V{TFk). Then 
{l)R{X,Y)Z = R^{X,Y)Z. 

{2)R{V,X)Y = 

{3)R{X, V)W = R{V, W)X = R{V, X)W = Qif i^j. 
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(4) i?(x,y)y = 0. 

(5) i?(y, W)X = VX{\nbi)W - WX{lnbi)V if i = j. 

(6) i?(V, W)U = if i = j ^ k or i ^ j ^ k. 

i7)R{U, V)W = -g{V, ^) gB(gradg^b,,gradgb,) ^^ ^ ^ j ^ 

{8)R{X, V)W = -'-^V^igvadBbi)+[WX{lnbi)]V-gF^{W, V)gj:adp^{Xlnbi) if i = 
j- 

{9)R{V,W)U = g(y,U)grixdB{W{\nbi)) - g{W,U)gradB{V{\nbi)) + R^^{V,W)U - 
\^^^^{g{W, U)V - g{V, U)W) ifi = j = k. 

i 

Proposition 2.5 Let M = B x^^ Fi -F2 • • • Xfo™ Fm be a multiply twisted product 
and let X,Y,Z e r{TB) and V e r(TFi), W G r{TF-). Then 

(1) Ric(x,y) = mc^{x,Y) + y:T=i ^h'^{x,y). 

(2) Ric(X,F) = mc{V,X) = {k - l)[VX{lnbi)]. 

i3)mc{v,w) = otf i^j. 

{A)Ric{V,W) = mc^^{V,W) + + {k - 1) ^ ^^ gB(grad„b,,grade&fc) 

■ g{V,W) if i = j. 

By Proposition 2.5, similar to the theorem 1 in [FGKU], we get: 

Corollary 2.6 Let M = B X(,i -Fi X{,2 -F2 • • • Xfc^ he a multiply twisted product 
and dimFj > 1, then M is mixed Ricci-flat if and only if M can be expressed as a 
multiply warped product. In particular, if M is Einstein, then M can be expressed as 
a multiply warped product. 

Similar to the theorem 6 in [BGV], we get: 

Corollary 2.7 Let M = B x^,-^ Fi x^,.^ F2 • ■ ■ x^,^ Fm be a multiply twisted product and 
dimi? > 1, dimFj > 1, if M is locally conformal-flat, then M can be expressed as a 
multiply warped product. 

Proposition 2.8 Let M = B Xf^^ Fi Xi,,-, F2 - ■ ■ Xj^^ Fm be a multiply twisted product, 
then the scalar curvature S has the following expression: 

i=l * i=l i 1=1 » i=l k^i ' ^ 

(2.1) 

Similar to the proposition 3.1 in [U2], we have 

Proposition 2.9 Let M = S x^^ x^j -^2 ■ ■ ■ X;,^ Fm be a multiply twisted product. If 
{B,gB) and {Fi,gp.) are complete Riemannian manifolds and infbj > 0, then {M,g) 
is a complete Riemannian manifold. Conversely, if (M, g) is a complete Riemannian 
manifold and < inf6j < sup6i < +00, then {B^gs) and {Fi,gp^) are complete Rie- 
mannian manifolds. 
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By Proposition 2.2, we have: 

Proposition 2.10 Let M = B Fi F2 ■ ■ ■ X b^ Fjji be a multiply twisted product. 
Also let J = {a,Pi, - ■ ■ , Pm) be a curve in M defined on some interval ICR. Then 
7 «s a geodesic in M if and only if for any t E I, 

= YALibi{(^^ Pi)9F,{P'i, PDgTadsbi. 

^■f^i = ^^(^'i - minhn + '-^^St^'^fM^ for any ie {1,2..., m}. 

By the proposition 2.2, the formula for the covariant derivative of a smooth vector 
field V = (Vb, Vpi, • • • , Vp^) along the smooth curve 7 = (a, • • • , may be 
obtained: 

(m 
Veit) ~Y.^^< Piit), Vi >F, grad^fei , 

~[ Oi{a,Pi) Oi Oi '"^ J 

(2.2) 

By (2.2), we have: 

Proposition 2.11 Let M = B Xb-^Fi Xf,2 -^2 ■ • • Xfe^ Fm be a multiply twisted product. 

(a) Let Vb be a smooth vector field along the smooth curve 'Jb '■ I {B,gB) and for 
fixed Qi G Fi, let j{t) = (7s(t), gi, ■■■ ,qm) and V{t) = {VB{t), 0, • ■ ■ , 0) along 7. Then 
V is parallel along 7 : / — (M, g) if and only ifVB is parallel along ^b '■ I ~^ (B, gB). 

(b) Let Vp. be a smooth vector field along the smooth curve jp. : / — t- {Fi,gp^) and 
for fixed b e B and qj G Fj, j ^ i, let 7(i) = (5, gi, • • • , 7Fi(i), • • • , 5m) and 
V{t) = (0, • • • , 0, VF^{t), ■ ■ ■ , 0) along 7. Then V is parallel along 7 : 7 — >■ (M, g) if 
and only if < 7p.(f), VF^{t) >f^ grad^tj = and 

j'p^mnbiWi + Viilnbih'p^it) - ^£li2:^^^^grad^^6i + ^^lxt)^i = 0. 



Next we compute the index form. We use the variational approach rather than 
direct computation of the curvature formula g{R{V, 'y')'y' , V) of the index form. 

Now let 7 : [a, b] — ^ (M, g) be a unit timelike curve. Further, let a : / x (— e, e) 
{M,g) be a variation of ^{t). Let 

as{t) :=a{t,s) = {aB{t,s),ai{t,s),. . . ,amit,s)) (2.3) 

and define corresponding variation vector fields 

d da , . d daB , ^ d da, 

F(i) = W(t,0), VB{t) = WB{t,^), V-(i) = Wi(t,0) (2.5) 
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Also, 

, d d d das dai dam. „^ 

= («B. ^, • • • , = i-Qf^-Qfr--, -^). (2.6) 

Since the curve as{t) is timelike, if 

i=l 

and 

i=l 

m ft ft 

+ ^ b^ias, a,){t, s)9F^{Vl^, ^) (2.8) 



then 



and 



„„ dt ' at 

1=1 



h{t,0) = l, ^ = -2A{t,s) (2.9) 



Thus 



L\ois) = - h{t,s)-^A{t,s)dt; (2.11) 

L"(a,) = - r [/i(t, s)-i^(t, s)2 + h{t, s)-'2^^^]dt. (2.12) 

So 

L"{0) = -j'_ [A{t,Of + ^^^{tMdt. (2.13) 

If 7(i) is a unit timelike geodesic in [M,g), then vl(t, 0) = g{V','y')- It remains to 
calculate ^^^j^(t,0). By (2.8) and commuting the differentiation, we have 



dA{t,s)^^^^ ^ 9aB das 

"dT ~dt 



+ 2 ^ 'd^^^'i^^^' *)l^=05Fi(7F,(*)> 7k(*)) 

i=l 



m „ 



ds 
1=1 



ds ' dt 

1=1 as at i=i 
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1 ™ 

i=l 

i=l 

m 

- E bi{lB,lFMgFAR^^{VF,,l'F,)l'F^, Vf,) 



i=l 9t' 9/ i=l 

(2.14) 

By the proposition 2.10 and preserving the metric, we have 

5b(V|^V|^^,^)|.=o = |bs(V^,l^B,7^)]-^f;95(V^,^^B,grads6?)5F.(7k>7k)> 

at Ss 

(2.15) 

We note that 

^(6f (aB,a,))(t,s) = (Vi + 2VbVf, + F|J(6?), (2.16) 

so 

5b(V|^V|^^, ^)|.=o + ^ i: ^(62(as,a,))(t, .)|.=o5F,(7kW>7k W) 

at as ^_-|^ 

= ^bB(V^,^B,7B)] + 2 EHess^(^')(^S''^^)5^*(^k'7k) 

i=l 

^ m 

+-5;(2FbFf. + ^Jj(6?)5F,(7k'7k)- (2-17) 
1=1 

By the proposition 2.10, similarly we can get 

E^?(7B,7i^J(t)5^.(Vi^Vi^^,^)|..o 

i=l dt ds 

(2.18) 



1=1 1=1 
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By (2.13) (2.14), (2.17) and (2.18), we get 



Proposition 2.12 Let M = B x^-^ Fi F2 ■ ■ ■ Fm be a multiply twisted product. 
Let 7 : [a,b] — > {M,g) be a unit timelike geodesic and a : [a,b] x (— e,e) — )■ {M,g) be 
a smooth variation of j{t) with variation vector field V = (Vg, Vp^, • • • , Vp^). Then 

L"iO) = - f {g{y',^'f + gB{V^,V^)-gB{R^{VB,l'Bh'B,VB) 

J t=a 

m 

+ E^'(^S'^^^)(*)[^?^^(^^.'^^J-5F.(ii^H^F„7Fj7k'^i-,)] 

i=l 

^ m 

+-^[Hess^(62)(y5,y5) + Hess^>(62)(y^^,F^J + 2yB^F,(6f)]5F,(7k'7k) 

+2^(Fb + VfM)9fM„i'fJ dt 
1=1 ) 

m 

9b{V^,Vb,7'b) + J2 lF,m9F, (Vg^ Vf„j'fJ 



i=l 



i=l 



(2.19) 



In studying the second variation and index form, it suffices to consider vector 
fields perpendicular to the given geodesic 7(t). Let ^^"'"(7) denote the vector space 
of piecewise smooth vector fields V along 7 with g{V,j') = and let V^"'"(7) = {V e 
V-^ilWia) = V{b) = 0}. Then guided by the result of Proposition 2.12, the index 
form 

I ■■ V^o^(7) X ^0^(7) -> R 

should be given by 

LiV,V)==- f {gB{Vii,Vli) - 9B{R''{VB,iB)iB.yB) 

m 

1=1 

^ m 

+-^[Hess^(62)(F5,F5) + Hess^n^')(^F.,^Fj + 2yBV>,(6f)]5F,(7k'7k) 

i=l 

m ^ 

+2Y,{Vb + VFM)9FM,nk) dt (2.20) 
i=i ) 

/(y, W) could be obtained from (2.20) by polarization. 

Now we specialize to the index form to the case that (M, g) = (R x R x F, —du^ + 
/^(-u, x)dx^+f2{u)gF) where {F, gp) is a Riemannian manifold. We call such Lorentzian 
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manifolds as static multiply twisted product spacetimes. Let7(t) = (7B(t), 7i(t), 72(i)) 
denote a unit timelike geodesic segment. Consider variation vector fields V = {Vb, Vi, V2) 
along 7 with g{V, 7') = 0. We begin with a special case in which the timelike geodesic 
7(t) is of the form j{t) = {t, xq, q). By g{V, 7') = 0, then Vb = 0. By 7^. = 0, we get 

Proposition 2.13 Let {M,g) = (R x R x F,-du^ + fl{u,x)dx^ + f2{u)gF) ■ Let 
7 : [a,b] — {M,g) be a unit timelike geodesic having form j{t) = (t,xo,q) Then 
^ '■ ^0^(7) ^ ^o'i'l) ^ R is given by 



I{V,V) 



t=a 



[ffit, xo)gRiVl, Vl) + fi{t)gF{Vi, V^) 



By Proposition 2.10, we have 



(2.21) 



Corollary 2.14 Let {M,g) = (R x R x F,-du^ + f^{u,x)dx'^ + fiiu)gF) ■ Then 
j{t) = {T{t),Ti{t),^F{t)) be a geodesic if and only if 



(1) r"it) - -r[{tfJ^{rit),nit)) - ^^{rit))gFil'F,l'F) = 0; 



1 [r^f^ ^ f)t^ 



(3) 7^ + 



dfl 



fKrit)) du 



{r{t))r'{t)Mt) = 0. 



(2.22) 

= 0; 
(2.23) 
(2.24) 



Let Vb = ^^B(*)^lr(i) ^'^^ = ^i(^)s^lri(t)! then direct computation show that 



dx Iri(t)! 



Proposition 2.15 Let {M,g) = (R x R x F,-du^ + ff{u,x)dx'^ + fl{u)gF) ■ Let 
7 : [a, 6] — >■ {M,g) be a unit timelike geodesic and V G Vo~{j), then 



IiV,V) 



t=a 



-i^'Bitf + fnr{t),n{t)Hitf + 



4(*)^(r(t),ri(t)) 



+iy!{t)^{T{t),n{t)) + 2Mt)Mt) 



dx"^ 



dudx 



'At),n{t)) 



r[{tf 



+2 



Mt)^ir{t),n{t)) + v^{t)^{T{tln{t)) 



+fi{r{t)) [gF{VlVi) - 9f{R'^{V2,i'2H.V2)\ 



v[{t)T[{t) 



+^4(^)^(r(^))9F(72(^),72(^)) + 2^^B(^)^(r(^))5i.(F2'(^),72(^))^d^• (2.25) 
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3 Killing vector fields on the multiply twisted product 
manifolds 

In this section, we develop the propertied of Kilhng vector fields, then we focus our 
attention on some special cases and characterize Killing vector fields on these spaces. 

Lemma 3.1 Let M = B x^^ Fi x^j F2 • • • x^^ be a multiply twisted product. Let 
X e r{TB), u e r{TFi), then 

m 

LfgM = L^gB + ^ ^(6f L^ qm = b^^^gp, + U{bj)gp^. (3.1) 

1=1 



Proposition 3.2 Let M = B Xi,^ Fi Xf,^ F2 ■ ■ ■ Xj,^ F^ be a multiply twisted product. 

Let X G T{TB), Ui G T{TFi), then K = X + Ui -\ Um is a Killing vector fields 

if and only if X is a Killing vector fields on B and Ui is a conformal Killing vector 
fields on Fi with the conformal factor 



Lemma 3.3 Let M = B X\,^ Fi X},^ F2 ■ ■ ■ Xi,^ Fm be a multiply twisted product. Lf K 

is a Killing vector field on M , then Kb = K{-,qi, ■ ■ ■ , q^) is a Killing vector field on 
B, and Kpi = K{p, qi, - ■ ■ , qi-i, •, qi+i, • • • , qm) 'is Killing vector field on Fi. 

Nextly, we assume m = 2 and 6j = Let Ka, a G {1, ■ ■ ■ ,fnB} be a basis of 
Killing vector fields of {B,gB) and Wb, b G {I,-- - ,fnf\} be a basis of conformal 
Killing vector fields of (Fi,gp-^) with L^^gp-^ = 2ahgPi ^^"^ ^c, c G {1, • • • ,mp,^} be a 

basis of conformal Killing vector fields of (^2,51^2) with L^^gp^ = Ta^gp^. Let x,y,z 
denote variables on B,Fi,F2 respectively. If is a Killing vector field on M, then 
by Lemma 3.3, there are functions iJ.°'{y,z), S'^{x, z), X'^{x,y) such that 



K = Kb + Kp,+ Kp„ Kb = fi'^Ka, Kp, = 5^Wi,, Kp, = X'G,. 



(3.2) 



We note that if ^, Z and T are respectively a function, a vector field and a 2-covariant 
tensor field on M, then 



L^zT{-, •) = (t>LzT{-, •) + #(•) ® T{Z, •) + T{Z, •) ® #(•). 



(3.3) 



Let Ka = gBiKa, •), Wb = gp.iWb, •) Gc = gp^{Gc, •)■ By Lemma 3.1 and (3.2), (3.3), 
we get 

LkQu = 2ff [KBilnf^) + Kp, {Infi) + 5'ab\ gp,+2fl [KB{lnf2) + Kp,{lnf2) + X'a^] gp, 
+dfi'' ^Ka + Ka^diJ,'' + fl{d5^ ®Wb + Wb® d5^) + fi{d\^ ® + ® dX^) 



Keilnfi) + Kp, (Infi) + gp, + 2/| [^^(Zn/s) + Kp,{lnf2) + X^a^] gp, 

+ ((iFi//" ®Ka + ffWb ® dsS^) + {Ka dp^ll" + ffdB6^ ® Wb) 
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HffdFj' C^Wb + fiGl dF.X") + iffWb ® dp.d' + fidp.X' ® Gc). (3.4) 
So we obtain the following result. 

Proposition 3.4 Let M = B x Fi x F2. Let K be a vector field on M as in (3.2), 
then K is a Killing vector field if and only if the following relations hold: 

KBilnfi) + Kf, {Infi) + d'at = 0; ^^(/n^) + KF,{lnf2) + X'^c = 0; (3.5) 

dFiM" <^Ka + ffWb ® dB^'' = 0; dF.fJ-" ®Ka + fiGc ® deX^ = 0; (3.6) 

ffdFj''^Wb + fiGc<^dF,X^ = 0. (3.7) 



Now we let M = / x /^Fi x f^F2 with the metric tensor — dt^+/i(i)^5Fi + /2 (0^5-^2 • 
By (3.2), then K = ii{y, z)^ + S''{t, z)Wb + A^(t, y)Gc. By Proposition 3.4, we have if 
if is a Killing vector field, then 

Ksilnfi) + jVfe = 0; KB{lnf2) + A-^o^ = 0; (3.8) 

-dFilJ-0dt + ffWb'^dBS'' = 0; - d^^^ + (g) dsA'' = 0; (3.9) 

f^dp^S^ (^Wb + fiGc^^dp^X^ = 0. (3.10) 

By (3.9), then 

dFMy,z) = f?^^^Wb. (3.11) 

Since Wb is a base, by separation of variables, we obtain 

s\t, z) = Mz) f fi\u)du + i^), dFMy, ^) = M^M. (3.12) 

Jt=to 

Similarly, we obtain 

dFMy,^) = f f^'t^^ Gc = My)Gc; x%t,y) = Uy) f f2\u)du + Uy)- 

Jt=to 

(3.13) 

One derives (3.8) with respect to t, then 

/x(y, z) (^|-) + f^\t)'il^b{z)ab{y) = (3.14) 
Case I) At = 0, by (3.12) and (3.13), 

i^b{z) = 0, s''{t,z) = i)b{z), My) = o> x''{t,y) = (t)c{y),Mz)<^b = 0, My)^ = o. 

(3.15) 
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So we have 

Proposition 3.5 Let M = I x f-^ Fi x j.^ F2 with the metric tensor —dt^ + fi{t)'^gFi + 
f2{t)'^gF2 - K is a Killing vector field with fi = 0, then K = KF^{y-,z) + KF2{y-, z) and 
KFi{y,zo) is a Killing vector field on {Fi,gFi) and KF2{yo,z) is a Killing vector field 
on {F2,gF2)- 

Case II) 11^0. By (3.14), then 



f)'/|(t) = -^^ = C|, (3.17) 
where Cj^Cj, are constants. By (3.2), (3.12), (3.13), (3.16) and (3.17), we obtain 

K = i^{y,z)— + g-i:aAp^li I f^"^ {u)du + giadp^n / f2^{u)du + ipb{z)Wb + (l)ciy)Gc; 

(3.18) 

Hess^^ + C^FfigF, = 0; Hcss^^ + C^pfigF^ = 0; (3.19) 

We may assume that is not a constant. One can derive (3.8) with respect to t and 
by (3.12) and (3.16), we get 

-^l^b'7b{lnflyito) + C'FM^)cJbiy) = 0. (3.20) 

So if C|, ^ 0, then T^i = ^b{z)Wb - ^^^^W^M^Wb is a Killing vector field on Fi 
for fixed z and 

Jb{z)Wb = T^^ + ^^^^^^^grad^^/x; (3.21) 

^F 

Similarly, if C| 7^ 0, then 

My)Gc = + ^^^^^^^grad^,/.. (3.22) 
By (3.16), (3.17), (3.18), (3.21) and (3.22), we obtain 



Proposition 3.7 If M = I x Fi x F2 with the metric tensor —dt^ + fi{t)'^gFi + 
72(^)^5^2 admits a Killing vector field with /x / 0, then ^ j-^ fi{t) = Cp for i = 1,2. 

Proposition 3.8 Let M = I x Fi x F2 with the metric tensor —dt^ + fi{t)'^gFi + 
f2(t)'^gF2- o,nd (J^^ f1{t) = Cp for i = 1,2. Then its Killing vector field is 
given by 



K = n{y, + grad^iyw (^J^ fi '^{u)du + 



{InfiYito] 



to Cp 
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+grad^,M (^jj-\u)du+^^^^^^^^ +T^^{y,z) + T^^{y,z), (3.23) 

where T^^ (y, zq) is a Killing vector field on {Fi ,gFi) o,nd (yo, z) is a Killing vector 
field on {F2,gF2) and fx satisfies (3.19). 

When Cp = 0, we may obtain similar results like Theorem 4.7 in [Sa]. 

Nextly, we consider the Killing vector fields on x F with the metric 
tensor -dt^ + ds^ + P{t)gF- 

Direct computations show that vector fields Ki = K2 = i^s = + 
are the basis of Killing vector fields on with the metric tensor —dt^ + ds^ . Let 
h G {l,---,mp} be a basis of conformal Killing vector fields of {F,gp) with 
^Wk9F = "^(^bgp, then 

= i/'Ka + (^''Wb; KB{lnf) + dV,, = 0; dfi'' K~a + fWb ® t^*^^ = 0. (3.24) 



By Ki = —dt, K2 = ds, K^ = —sdt + tds and (3.24), we have: 

dii' + sdii^-f\t)—Wb = 0; (3.25) 

f)Xb 

+ tdfx^ + f (t) — Wb = Q. (3.26) 
We derive (3.25) with respect to s, then 

S'' = Cbs [ r\u)du + Cb{s) + Lb{t), (3.27) 

where is a constant. By (3.25) and (3.27), we have 

df/ = CbWb, = dbWb, 5^ = {Cbs + db) [ r\u)du + Cb{s), (3.28) 

Jto 

where db is a constant. By (3.26) and (3.28), we obtain 

dn^ = (^-Cbt - f\t)Cb j' r\u)du - f{t)Cb{s)^ Wb. (3.29) 

So 

dn^ = ebWb, Cbt + f{t)Cb / rHu)du + f\t)Cb (s) = Cb (3.30) 
where eb is a constant. Then 

a (s) = -Cbtr\t) - Cb f f-\u)du + r\t)eb, (3.31) 

Jto 

and ^ 

Cb (s) = eb, Cbis) = CbS + Cb, (3.32) 
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where = 6^,6^ are constants. By (3.28) and (3.32), we have 



(5^ = {Cbs + db 



J to 



We derive (3.31) with respect to t, then 

Cbf = - e„). 



(3.33) 



(3.34) 



Case I) There is a C(, / i.e. /j,^ is not a constant. So by (3.34), then / = 
A{t —^) = At + B for A^O and / is fixed and #- is a constant independent of b. 



So by (3.28) and (3.30), 

= Ad/x^ = A// + A. (3.35) 
where A, A are constants. By the second equation in (3.24) and (3.33), we can obtain 

A 



At + B 
A 



:/^3 + 



•Jto 

Cb f f-\u)du + eb 
•Jto 



At + B' 

Derive (3.36) and (3.37) with respect to t, then 



<T(, = 0, 



fJ-i - -^dbab = 0; /X3 - ^C'bO-fc = 0. 



So 



Hess^^ = A^ingp; Hess^^ = A'^fisgp. 
By (3.31), (3.32) and f = At + B, then 

A{Ato + By 
By (3.24), (3.33), (3.35) and (3.39), we obtain 

^ = + ^/^3)| + [(A + t)M3 + A]| - j^^. 



(3.36) 
(3.37) 

(3.38) 
(3.39) 

(3.40) 



gradpiJ.3 



+ 



1 



+ 



1 



gradp/Ui + W* 



(3.41) 



A{At + B) A{Ato + B) 

where VF* = ibWb is a conformal kihing vector field on {F,gp). In (3.36), we set 
t = to and using (3.38), then 



dbCTb 

A{Ato + B 



+ CfeO-fe = 0. 



(3.42) 
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^ = A{£Ib) + ^bWb is a Killing vector field on F, So 

K = {n, + ./X3)| + [(A + t)M3 + A]| - ^(^,'+^) g^^d^/^3 

^ grad^/xi + T, (3.43) 



yl(At + B 



Theorem 3.9 Let M = x F with the metric tensor —dt'^ + ds'^ + p{t)gF and K is 
a Killing vector field given by (3.24) and is not a constant, then f = At+B, Aj^Q 
and K can be expressed by (3.43) and ^1,^3 satisfy (3.39). 

Case II) Cb = for any b and there is a e;, 7^ i.e. fi^ = /cq is a constant and 
fi2 is not a constant. By (3.34), f = Iq is & constant. By (3.33), then 

= iit-to) + ebS + eb. (3.44) 
'0 

By (3.24) and (3.44), we obtain 

dbab = 0, SbCTb = 0, CftCTb = 0, (3.45) 

so 5^Wb = Kit + K2S + K3 where Ki,K2, K3 are Killing vector fields on F. We also 
get by (3.31) 

Hess^^ = Hess^' = 0. (3.46) 



Theorem 3.10 Let M = x F with the metric tensor —dt^ + + P{t)gF and K 
is a Killing vector field given by (3.24) and /X3 = and fj,2 is not a constant, then 
f = lo and K can be expressed by 

d d 

K={iii + sk^)— + (/X2 + tko)— + Kit + K2S + K3, (3.47) 

where Ki, K2, K2, are Killing vector fields on F and jii^ji^ satisfy (3.46). 

Case III) Cb = 66 = for any b i.e. /X3 = A;o, IJ.2 = kg are constants. In this 
case, 

5^ = db I f~^{u)du + Sb. (3.48) 

By (3.24), then 

/^iT + t^^' / f~^i^)du + eb]ab = 0; ko^ = 0. (3.49) 

J Jtn J 



'to 

When fco = 0) similar to the discussions in [Sa], we can obtain 
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Theorem 3.11 Let M = x F with the metric tensor —dt^ + ds^ + f'^{t)gF and K 
is a Killing vector field given by (3.24) and /X3 = and IJ,2 = kg, then if = Q, K 
can he expressed by 

K = l^-^ + W„ (3.50) 

where is a Killing vector field on F. If jii / 0, then {jf^ = Cp and when 
Ci? / 0, then K can be expressed by 

= w| + fc^^ + grad^Mi r\u)du + ^MIM^ + r, (3.51) 

where T is a Killing vector field on F and Hess^^ + ^iCpgr = 0- If Cp = and fii 
is a nonzero constant, then -f^ = Mi ^ + ^0 ^ + , where is homothetic. 

Theorem 3.12 Let M = x F with the metric tensor —df!^ + ds"^ + f'^{t)gp and K 
is a Killing vector field given by (3.24) and Hz = kg ^ 0, /X2 = kg, then f = Iq and K 
can he expressed by 



72 

where T is a Killing vector field on F and Hess^^ = 0. 



K = ini + sko) Q-^ + ikQ + tko) ^ + ^-jf^ it-to) + T, (3.52) 



Remark. Here we can not consider M = li^xF as Rx(Rx jF) with the metric tensor 
ds'^+{-dt'^+f'^{t)gF). Although the space of conformal KiUing vector fields on (F, gp) 
is finite dimensional, but the space of Killing vector fields on {RXf F, —dt^ + f^{t)gF) 
maybe is infinite dimensional. 

Nextly we consider M = I x f F with the metric tensor —fl{t)dt^ + f^{t)gF which 
generalizes the generalized Robertson- Walker spacetime. We note that Ka = 

is the base of the Killing vector fields on {I,—f^(t)dt^) and Ka = —f\{t)dt. Similar 
to the discussions in [Sa], we get 

Proposition 3.13 Let M = I x f F with the metric tensor —fl{t)dt^ + f'^{t)gF and 

if M admits a non-trivial Killing vector field then {^'jji^ j\ = Cp. When Cp 7^ 0, 
then K can he expressed by 



Mx) d / (lnfY(t„ 



where T is a Killing vector field on F and Hess^ + jiCpgE = 0. When Cp = 0, if 11 
is a constant, then K = ^ + W* where W* is homothetic. Otherwise V^fx is a 
non-zero parallel field. 
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We recall the definition of the curl operator on semi-Riemannian manifolds, namely: 
if y is a vector field on a seni-Riemannian manifold M, then curlF is the antisym- 
metric 2-covariant tensor defined by 



cm\V{X,Y) := gM{VxV,Y) - 5M(VyF,X), 



(3.54) 



where X,Y & T{TM). A vector field y on a semi-Riemannian manifold M is said 
to be non-rotating if cuiW{X,Y) = for ah X,Y e T{TM). By the remark 5.1 in 
[DU], we know that V is non-rotating iff it is parallel. By Proposition 2.2, then for 
X, y G T{TR) and V,W e T{TF) 

(1) VxY = V^Y. 

(2) VxW = VwX = ^W. 

(3) yyW = ^gF{V,W) + V^W. 
We take a Killing vector field 

/u(x) d 



K 



h{t)dt ^ 



+ / hf '^dug£&ApiJL + W^, 

Jtn 



(3.55) 



Then K is non-rotating iff V a = and VyK = for ah V G r(TF). Direct 

at 

computations show that 



at 



if 

Uto 



at f 



-2 J .. , I f f-2_,_ /' 



fif gradp/x-l- / fif du—gradpii. 
'to / 



(3.56) 



(3.57) 



Bj V a_K = and (3.56), (3.57) and /i 7^ 0, we obtain if /' 7^ 0, /i = cq is a constant 



and 



and 



So 



/ fif~'^dugiadpfi + W^ = --^gradpii, 
J to J J 



K 



= VvK = - Av^(grad^/,). 



(3.58) 
(3.59) 

(3.60) 



By Hess^ + hCf9f = and (3.60), we have (/' )^ = -fiCp, f = ^fi^T^t + tq. 



Proposition 3.14 Let M = I x j F with the metric tensor —fi{t)dt^ + f'^{t)gF and if 
K is a non-trivial non-rotating Killing vector field and f 7^ 0, then fi is a constant 
and f = z^fiyf—Cpt + ro and K can he expressed by 



K 



fi{x) d grad^/i 



+ 



fi{t)dt fiCpt + r^- 



(3.61) 
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4 Multiply twisted products with a semi-symmetric met- 
ric connection 



4.1 Preliminaries 

Let M be a Riemannian manifold with Riemannian metric g. A linear connection 
V on a Riemannian manifold M is called a semi-symmetric connection if the torsion 
tensor T of the connection V 

r(X, Y) = VxY - VyX - [X, Y] (4.1) 

satisfies 

T{X,Y) = 'it{Y)X-'it{X)Y, (4.2) 

where tt is a 1-form associated with the vector field P on M defined by tt{X) = 
g{X.P). V is called a semi-symmetric metric connection if it satisfies = 0. If V 
is the Levi-Civita connection of M, the semi-symmetric metric connection V is given 
by 

VxY = VxY + 7r{Y)X-giX,Y)P, (4.3) 

(see [Ya]). Let R and R be the curvature tensors of V and V respectively. Then R 
and R are related by 

R{X, Y)Z = R{X, Y)Z + g{Z, V xP)Y - g{Z, VyP)X 

+g{X, Z)VyP - giY, Z)VxP + 7t{PMX, Z)Y - g{Y, Z)X] 
+[g{Y, Z)7r{X) - g{X, Z)'k{Y)]P + 'k{Z)[k{Y)X - 7r(X)y], (4.4) 
for any vector fields X,Y,Z on M [Ya]. By (4.3) and Proposition 2.2, we have 

Proposition 4.1 Let M = B Xf,^ Fi -^2 • • • Xfe^ Fm be a multiply twisted product 
and let X,Y e r{TB) and U € T{TFi), W G r{TFj) and P G r{TB) . Then 

(1) VxY = VxY. 

(2) VxU = ^U. 

(3) YuX = [^+7t{X)]U. 

(4) VuW = ifi^j. 

(5) VuW = ?7(/n6,)W^+W^(/n6i)C/-^^4^gradj^.6i-MF,(C/,T^)gradB6i+V^W- 
giU,W)P ifi=j. 

Proposition 4.2 Let M = B x^^ Fi Xi,^ F2 - ■ ■ x^^ F^ be a multiply twisted product 
and let X,Y e r{TB) and U G r{TFi), W G r{TFj) and P G r(TFfe) . Then 

(1) VxY = V^Y -g{X,Y)P. 

(2) VxU=^U + g{P,U)X. 

(3) YuX = ^U. 

(4) VuW = g(w,P)U ifi^j. 
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(5) VuW = ?7(in6i)Vr+W^(/n6i);7-^^i^grad^.6i-6i5i.,(t/, W')gradB6i+V^W+ 
tt{W)U - g{U,W)P ifi = j. 

By (4.4) and Proposition 2.4, we have 

Proposition 4.3 Let M = B x^^F\X})^F2 ■ ■ ■ Xhm be a multiply twisted product and 
let X,Y,Z e T{TB) and V G r{TFi), W G T{TFj), U G r{TFk) and P G V{TB). 

Then 

{l)R{X, Y)Z = R^{X, Y)Z. 



{2)R{V,X)Y 



V. 



+ ^g{X, Y) + 7r{P)giX, Y) + g{Y, V xP) - 7r(X)7r(y) 

(3) ^(X, V)W = W)X = R{V, X)W = Oif i^j. 

(4) ^(X,F)y = 0. 

(5) ^(y, W)X = VX{lnbi)W - WX{lnbi)V if i = j. 
{6)R{V, W)U = Oif i = j ori^ j ^ k. 

{7)R{U, V)W = -g{V, T^)M(S£^d£|piBM [/ _ g(y, W) + ^) U 

_ - 7riP)g{V, W)U, if i = j^k. 
{8)R{X, V)W = [WX{lnbi)]V - g{W, V) 

{9)R{U,V)W = g{U,W)gT:adBiV{lnb^)) - g{V,W)gvadB{U{lnbi)) + R^^{U,V)W - 
j^^rad^ + 2^ + 7r(P)) ig{V, W)U - g{U, W)V) if i = j = k. 

Proposition 4.4 Let M = Fi -^2 • • • Xfe^ Fm be a multiply twisted product and 
let X,Y,Z e r{TB) and V G r{TFi), W G T(TFj), U G T{TFk) and P G r(TF/). 
Then 

{1)R{X, Y)Z = R^{X, Y)Z+ [g{X, Z)^ - g{Y, Z)^] P+7r(P)b(X, Z)Y-g{Y, Z)X\. 

{2)R{V, X)Y = -^^^^V - 7TiP)giX, Y)V ifi^l 

{3)R{V,X)Y = -^!^k^V-7riV)^^X-g{X,Y)VvP-g{X,Y)[7r{P)V-7r{V)P] if i = 
I _ 

{4)R{X, V)W = ^7r{W)V if i ^ j. 

m{V, W)X = -6l^X{bi)W + Sl^X{bj)V if i ^ j. 

{6)R{X, Y)V = Tr{V) \^Y - ^x] . 

{7)R{V, W)X = VX{lnbi)W - WX{lnbi)V - Sl^^[Tr{V)W - tt{W)V] if i = j. 
{8)R{V, W)U = if i = j y^k oriy^ j ^ k. 

{9)R{U, V)W = -g{V, T^)M(gE£fis^iS£^dBM ^_^(^^ VvP)U-g{V, W)VuP-T^{P)giy, W)U+ 
g{V, W)ti{U)P + t^{W)[k{V)U - ^(u)V], if i = j ^ k. 

{W)R{X,V)W = [WX{lnbi)]V - g{W,V)^^^^^^ ~ gTadp^{Xlnbi)gF,{W,V) + 
W.^(^W)V-giW, VvP)X-g{V, W)^P-giV, W)7r{P)X+7T{VMW)X if i = j. 
{n)R{U, V)W = g{U, W)giadB{V{lnbi)) - g{V, W^)grads(C/(«n6i)) + R^^'iU, V)W - 
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\^^^^{g{V, W)U - g{U, W)V) + 7r{PMU, W)V - g{V, W)U] ifi = j = k^l. 
{12)Ti{U,V)W = g{U,W)gra.ds{V{lnbi)) - g{V,W)gTad^{U{lnbi)) + R^^{U,V)W - 

_ + ^(^^ v^p)y _ ^(^^ ^^pp + gp W)VvP - 

g{V,W)'^uP+T^{PMU, W)V-g{V, W)U] + [g{V, W)7r{U)-giU, W)TriV)]P+TT{W)[7r{V)U- 
tt{U)V] if i = j = k = l. 

By proposition 4.3 and 4.4, we have 

Proposition 4.5 Let M = B x^^ Fi x^^ F2 ■ ■ ■ 

y-bm Pin be a multiply twisted product 
and let X,Y,Z € T{TB) and V G T{TFi), W G V{TFj) and P € V{TB). Then 

(1) Rk(X, Y) = Rk^ {X, Y) + Y:T=i k + ^9{X, Y) + 'K{P)g{X, Y) 

_+5(l^,VxP)-vr(X)7r(y)]. 

(2) Ric(X, V) = Ric(F,X) = {k - l)[V X{lnhi)\. 

(3) RE(\/, W) = difi^ j. 

(4) Ri^(F, W) = Ric^'^iV, W) + + - + E,^. /^.Mgrads^pdsM 

+(n - 2)7r(P) + ELi < Ve,P, > + Ej^i + {n + k- 2)^] g{V, W)ifi = 
h 

where E^, 1 < k < n is an orthonormal base of B with = g{E]^,E]^) and 
dmiB = n, dimM = n. 

Corollary 4.6 Let M = B x^^^ Fi F2 ■ • • Fm be a multiply twisted product and 
dimFj > 1 and P G T{TB), then (M, V) is mixed Ricci-flat if and only if M can be 
expressed as a multiply warped product. In particular, if (M, V) is Einstein, then M 
can be expressed as a multiply warped product. 

Proposition 4.7 Let M = B x^,^ Fi Xj,^ F2 - ■ ■ x^^ F^ be a multiply twisted product 
and let X,Y,Z e r{TB) and V G r(TFi), W G r{TFj) and P G r{TFr). Then 

(1) Rk(X, Y) = Ric^iX, Y) + Y:T=i h^^^^ + 9{X, Y)7r{P)(n - 2) 
+ g{X, Y) E^:=i ejM^Er^P, El). 

(2) Rk(X,F) = - l)[VX{lnh)] + {n-2)^n{V). 

(3) Ric(F,X) = (/, - l)[VX{lnbi)] + {2-n)^i^{V). 

(3) RkJ(F, W) = dif ii-j. 

(4) Ri^(F, W) = R\c^^{V, W)+g{V, W) + {k - 1)^^^^^ + E,y, / . MlI^^^s^pkM 
+(n - 2)7r(P)] + (n - 2)g{W, VyP) + (2 - n)7r(y)7r(^) + g{V, H^)divF,P if i = j, 

Corollary 4.8 Let M = B Xh-^^ Fi Xf,2 F2 • • • Xh^ Fm be a multiply twisted product and 
dimFi > 1 and P G T{TFr), then (M, V) is mixed Ricci-flat if and only if M can be 
expressed as a multiply warped product and br is only dependent on F^ . In particular, 
if (M, V) is Einstein, then M can be expressed as a multiply warped product. 
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Proposition 4.9 Let M = S x^^ Fi X(,2 -^2 • • • Xbm be a multiply twisted product 
and P G T{TB), then the scalar curvature S has the following expression: 

m , m „p. m i i l |2 

+ E E M /^^^'^'^f !' "^"^^'^-^ + E kin + n + k-2)^ 

1=1 j^i ■' 1=1 

+ E E + E + ^ - + 2 E ^idivBP. (4.5) 

i=l j^i ^ 1=1 1=1 



Proposition 4.10 Let M = B Xf,,^ Fi Xj,^ F2 ■ ■ ■ Fm be a multiply twisted product 
and P G V{TFj.), then the scalar curvature S has the following expression: 



S = S^ + 2Y^ I + E ^ + E ^^^^ - 1) 

i=l 1=1 * 1=1 



+ 2_^2^klj TT +Tr{P){n - l){n - 2) + 2{n - IjdiVF^P. (4.6) 

1=1 



4.2 Special multiply warped product with a semi-symmetric connection 

Let M = I Xb^ Fi Xf)2 F2 ■ ■ ■ Xb^ F^ be a multiply warped product with the metric 
tensor —dt^ blgpi • • • b^gp^ and / is an open interval in M and hi G C°°{I). 

Theorem 4.11 Let M = / Fi x^^ i^2 • • 

• X 5^ F^ he a multiply warped product with 
the metric tensor —dt^ ® ^iffFi © • • • © h'^gPm and P = ■§i- Then (M, V) is Einstein 
with the Einstein constant A if and only if the following conditions are satisfied for 
any i G {1, • • • , m} 

(1) (Fj, V^*) is Einstein with the Einstein constant Aj, i G {1, • • • ,m}. 

(2) TZih(l--^)=X- 



(3)A, - - ik - l)hf + (6f - 6,60 Ej^i h ^ + (2 - n)h'l + {ji + k- 2)6,6^ = A6f . 
Proof. By Proposition 4.5, we have 
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Ric {V, W) = Ric-^*(F, W) + gPiiV, W) 



-hiW' -{li-l)hf + (bi-bih',)Y,lj^i 



+(2 - n)h'l + {n + li- 2)hih[] . (4.9) 
By (4.7)-(4.9) and the Einstein condition, we get the above theorem. □ 

Theorem 4.12 Let M = / x^^ Fi X(,2 • • • Xfo^ -^m &e a multiply warped product with 
the metric tensor -dt^ 6fc/Fi © • • • © h'^gPm o-^d P G V{TFr) with gFr{P,P) = 1 
and n > 2. Then (M, V) is Einstein with the Einstein constant A if and only if the 
following conditions are satisfied for any i G {1, • • • , m} 

(l)(Fj, V'^') (i 7^ r) is Einstein with the Einstein constant Xi, i £ {1, • • • , m}. 

{2)br is a constant and X^IIli = Mo; divj^^P = Mi, l^o — l^i + ^ = (2 — n)b'^, where 

//o,Mi o,re constants. 

(3) Ric^''-(F, W)+XgFAV, W) = (n-2) [Tr{V)TT{W) - g{W, VyP)] , for V,W e r{TFr). 

(4) A, - biU! + (n - 2)6f 62 - 6,6^ Z-^. - {k - l)6f = (A - /xi)6f . 



Proof. By Proposition 4.7 (2) and gF,.{P,P) = 1, we have br is a constant. By 
Proposition 4.7, then , 

=E^^f + (2-^)^r-div^.^ = -A; (4.10) 



By variables separation, we have 



= Mo, divF^P = /xi. /xo - Ml + ''^ = (2 - 'T')6^, ■ 



(4.11) 



i=l 



mc{V, W) = Ric^' {V, W) + bfgFi {V, W) 



bi H bibj 



+{n - 2)7r(P)] + (n - 2)g{W, VyP) + (2 - n)7r(F)7r(T^) + g{V, VF)divF.P. (4.12) 
When i 7^ r, then VyP = Tr(y) = 0, so 



Ric(y, W) = Ric^' (y, PF) + b^gF^ {V, W) 



h" -h'"^ -b'b'- 

bi bf ^ bibj 



+(n - 2)62] + fiibjgF.iV, W) = XbfgF^iV, W). (4.13) 
By variables separation, we have (Pi,V^') {i ^ r) is Einstein with the Einstein 



constant A,- and 



6' 



A- - hib'l + (n - 2)6f 6^ - 6^6^ Y^^ii.- " 1)^? = " '"i)^?- 



(4.14) 
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When i = r and br is a constant, then 

Ric^'{V, W) + _ 2)6^ + /xi - XjgPiiV, W) = {n- 2) [7r(F)7r(W^) - g{W, VyP)] ■ 

(4.15) 

So we prove the above theorem. □ 

When M = I Xh-^Fi ^2 ■ ■ ■ Xbm be a multiply warped product and P = ^ , 
by Proposition 4.9, we have 

i=l 1=1 ' i=l * i=l j^i 

m , / m y m 

+ ^^(^ + - 1)^ + E E ^^^^5^ - E ^^(" - 2)- (4-16) 

1=1 * i=l jj^i 1=1 

The following result just follows from the method of separation of variables and the 
fact that each S^'- is function defined on Fi. 

Proposition 4.13 Let M = I X},^ Fi F2 • • • Xbm be a multiply warped product 
and P = If (M, V) has constant scalar curvature S, then each (F^, V^*) has con- 
stant scalar curvature S^' . 

When P e T{TFr), by Proposition 4.10, we have 

m ,11 m ^p. m _,/2 

^=-2E^4+E^+E^^(^^-i)^ 

i=i i=i i=i 

-b'b'- 

+ EE ^^^iirF + T^iP){n - l)(n - 2) + 2(n - l)divF,P. (4.17) 
i=i i+i ^'^^ 



Proposition 4.14 Let M = IXb-^FiXi,^F2 ■ ■ -Xb^Fm be a multiply warped product and 

P G r{TFr). If (M, V) has constant scalar curvature S, then each (Fj, V^*) {i / r) 
has constant scalar curvature S^* and if gFr{P,P) and div^^P are constants, then 
S^^ is also a constant. 

4.3 Generalized Robertson- Walker spacetimes with a semi-symmetric met- 
ric connection 

In this section, we study M = I x F with the metric tensor —dt^ + f{t)'^gF- As 
a corollary of Theorem 4.11, we obtain: 

Corollary 4.15 Let M = I x F with the metric tensor —dt^ + f{tf'gF and P = ^. 
Then {M, V) is Einstein with the Einstein constant A if and only if the following 
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conditions are satisfied 

(1) (F, V^) is Einstein with the Einstein constant Xp- 

(2) ,(f-^)=A. 

(3) Af - //" + (1 - /)/" + (1 - / - \)f + (2i - l)/7 = 0. 

Remark. In Theorem 5.1 in [SO], they got the Einstein condition oi M = I x F with 
a semi-symmetric metric connection, but they did not consider the above conditions 
(2) and (3). 

Corollary 4.16 Let M = I x F with the metric tensor —dt^ + f{tf'gF and P = §1 
and dimF = 1. Then (M, V) is Einstein with the Einstein constant A if and only if 

r = r- A/. 

By Corollary 4.15 (2) and (3), we get 

Corollary 4.17 Let M = I x F with the metric tensor —dt^ + f{t)'^gF and P = §[ 
and dimF > 1. Then (M, V) is Einstein with the Einstein constant A if and only if 
the following conditions are satisfied 

(1) (F, V^) is Einstein with the Einstein constant Xp- 

(2) /" = f'-^f. 

(3) ^ + r + (l + A)/2_2//' = 0. 

By Corollary 4.16 and elementary methods for ordinary differential equations, we 

get 

Theorem 4.18 Let M = I x F with the metric tensor —dt^ + f{t)'^gF and P = ^ 
and dimF = 1. Then (M, V) is Einstein with the Einstein constant X if and only if 

(1) A<i, /(t)=cie^^* + C2e^^*, 

(2) A = i, /(t) = cie5* + C2te^*, 

(3) X>1, fit) = cie5*cos (^i^t) + C2e5*sin (^^t) , 

Let ^ = do, ^ = 4, i±4^ = «o, i^^^S = 60, then ao + 60 = 1,^0 = ao^'o- 
When dimF > 1, by Corollary 4.17 (2) 

Case i) do < i, then / = cie"o* + C2e''o*. By Corollary 4.17 (3), then 

d^ + cl{al + l + aobo - 2ao)e'^"-°^ + 4{bl + 1 + agbo - 26o)e^^°* 

+2ciC2(2ao6o + 1 - ao - 6o)e("°+^°)* = 0. (4.18) 

When 60 = 0, we get do = 0, ao = 1, A = 0. By (4.18), dj^ + c^ = 0, so Xp = {I - l)cl. 
In this case / = cie* + C2. When 6/0, then e^""*, e^^"* and e'^"o+^")* are linear 
independent, so 03(60 + 1 + ao6o — 26o) = c^{l — 60) = and C2 = 0. Then ci / 0, 
by cf (ao + l + ao6o — 2ao) = cf(l — oq) = 0, so ao = 1, then do = A = 0. Thus / = cie*. 



25 



Case ii) do = 4, then / = ciez* + C2ie2*. By Corollary 4.17 (3), then 



do + e* {^Ci+C2 + ^C2tf + ^{CI+C2tf -2{^Ci+C2 + ^C2t){ci + C2t) =0. 

(4.19) 

The cocfRcient of t^e* is ^c^, so C2 = 0. The coefficient of e* is (|ci + 02)^ + f (ci)^ — 
2ci(^ci + C2), so ci = 0, in this case we have no solutions. 

Case iii) do > 3, then f{t) = cie^*cos(/ioi) + C2e5*sin(/iot), where ho = :/^El_ By 
Corollary 4.17 (3), then 



do + e* 



,C2 



{-^ + C2ho)cos{hot) + (y - ci/io)sin(/ioi) 



+(1 + do)(cicos(/iot) + C2sin(/iot))^ 

[ C\ C2 1 ^ 

-2(cicos(/ioi) + C2sm{hot)) {— + C2/io)cos(/ioi) + ("2" ~ ci/io)sin(/ioi) | = 0. 

(4.20) 

Consider the coefficients of cos^(/tot)e* and sm^{hot)e*, we get 

{\ + do)ci + clhl - C1C2/10 = 0; (^ + do)ci + c?/i^ + C1C2/10 = 0. (4.21) 

Plusing the above two equalities ,then | + do + /iq = and do = 0. There is a contra- 
diction with do > \ and in this case we have no solutions. So we obtain the following 
theorem. 



Theorem 4.19 Let M = I x F with the metric tensor —dt^ + f{t)'^gF and P — ^ 



at 



and dimF > 1 . Then (M, V) is Einstein with the Einstein constant A if and only 
if X = and f = cie*+C2 and {F, V^) is Einstein with the Einstein constant (Z — l)c|. 



By (4.16) and (4.17), we have 



Corollary 4.20 Let Let M = IxF with the metric tensor -di^ + f{t)'^gp and P = ^. 
If {M, V) has constant scalar curvature S if and only if {F, V^) has constant scalar 
curvature and 



-5 = ^ - 2Zy - /(/ - 1)^2 + + (1 - l)L 



J 



12 



f 



(4.22) 



Corollary 4.21 Let Let M = I x F with the metric tensor —dt^ + f{t)'^gp and 
P G r(rF) and griP, P) = cq, divPrP = Cq- // {M, V) has constant scalar curvature 
S if and only if {F, V^) has constant scalar curvature and 



-5 = ^ - 2iy - /(/ - 1)^ + coil - l)lf^ + 2(^1 



(4.23) 
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In (4.22), we make the change of variable f{t) = \/v{t) and have the following 
equation 



Theorem 4.22 Let M = I x F with the metric tensor —dt^ + f{t)'^gF and P = 
and dimF = 1 = 3. If (M, V) has constant scalar curvature S if and only if {F, V'^ ) 
has constant scalar curvature and 



_ _ 3+^Jl-As 3-a/i-Is „ 

(1) 5 < I and S / -6, v{t) = c^e ^ * + cge ^ * + 

{2)S=l v{t) = ciel' + C2te3' + ^. 



(3) S>1 v{t) = ciei*cos (^^^tj + C2ef *sin \^^^tj + ^. 

(4) 5 = -6, v{t) = ci - ^t + C2e^K 

Proof. If Z = 3, then we have a simple differential equation 

v"{t) - 3v'{t) + (2 + ^)v{t) - ^ = 0. (4.25) 

If :S / -6, we putting h{t) = (2 + §)v(t) - it follows that h"{t) - 3h'{t) + (2 + 

^)h{t) = 0. The above solutions (l)-(3) follow directly from elementary methods for 

ordinary differential equations. When 5 = —6, then v"{t) — 3v'(t) — ^ = 0, we get 
the solution (4). □ 

Theorem 4.23 Let M = I x F with the metric tensor —dt^ + f{t)'^gp and P = 
and dimF = Z / 3 and = 0. // (M, V) has constant scalar curvature S if and only 
if 



(1) S <j^, v{t) = ^cie 2 t + C2e 

(2) 5=^, v{t) = (^cie-2' + C2te-2')'^ 



(3) S > v{t) = ^cie2*cos ^-^^-^2 *J +C2e2*sin 

Proof. In this case, the equation (4.24) is changed into the simpler form 

v"{t) l-3v'{tf v'{t) „ S, ^ 

+ —. TTT - + (Z - 1 + -) = 0. (4.26) 

Putting v{t) = w{t)i+^ , then w{t) satisfies the equation w"—lw'+^^^^^{l—l+j)w = 0, 
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by the elementary methods for ordinary differential equations, we prove the above 
theorem. □ 

When dimF = i 7^ 3 and S 7^ 0, putting v(t) = then w{t) satisfies the 

equation 

^" _ i^' + ([ + 11 + ([±1)^^1-1^1 = 0. (4.27) 

4 ^ I A I ^ ' 

4.4 Generalized Kasner spacetimes with a semi-symmetric metric connec- 
tion 

In this section, we consider the scalar and Ricci curvature of generalized Kasner 
spacetimes with a semi-symmetric metric connection. We recall the definition of gen- 
eralized Kasner spacetimes ([DUl]). 

Definition 4.24 A generalized Kasner spacetime (M, 3) is a Lorentzian multiply 
warped product of the form M = I x^i Fi x ■ ■ ■ x^vm Fj^ with the metric g = 
-dti? © (f^^'^gPi © • • • © 4>'^^'^gFm ) where (f) : J ->■ (0, 00) is smooth and pi G M, for any 
i G {1, • • • , m} and also / = (ii, i2)- 

We introduce the following parameters C, = YliLi kPi and rj = YliLi hpf for gen- 
eralized Kasner spacetimes. By Theorem 4.11 and direct computations, we get 

Proposition 4.25 Let M = I x^p^ Fi x ■ ■ ■ x^pm F^ be a generalized Kasner space- 
time and P = ^ . Then (M, V) is Einstein with the Einstein constant A if and only 

if the following conditions are satisfied for any i € {1, • • • , m} 

(1) (Fj, V-^') is Einstein with the Einstein constant A^, i G {1, • • • , m}. 

(2) C(^)-(.-C)^ = A. 

(3) ^ - Pii - (C - l)Pi^ + [C + (n - 2)Pi]i = n + A - 2. 
By (4.16) we obtain 

Proposition 4.26 Let M = Ix^p^Fi Fm be a generalized Kasner spacetime 

and P = ^. Then (M, V) has constant scalar curvature S if and only if each (Fj, V^') 
has constant scalar curvature S^^ and 

^ = E ^ - - + - 20^ + 2(rT - 1)C^ + (2 - n){n - 1). (4.28) 

Nextly, we first give a classification of four-dimensional generalized Kasner space- 
times with a semi-symmetric metric connection and then consider Ricci tensors and 
scalar curvatures of them. 
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Definition 4.27 Let M = J x^^ Fi x • • • x^^ Fm with the metric g = —dt^ © b^dFi © 

• {M,g) is said to be of Type (I) if m = 1 and dim(F) = 3. 

• {M,g) is said to be of Type (II) if m = 2 and dim(Fi) = 1 and dim(F2) = 2. 

• iM,g) is said to be of Type (III) if m = 3 and dim(Fi) = 1, dim(F2) = 1 and 
dim(F3) = 1. 

By Theorem 4.19 and 4.22, we have given a classification of Type (I) Einstein 
spaces and Type (I) spaces with the constant scalar curvature. 

• Classification of Einstein Type (II) generalized Kasner space-times with 
a semi-symmetric metric connection 

Let M = I Xippi Fi X0P2 F2 be an Einstein type (II) generalized Kasner spacetime 
and P = ^. Then ( = pi + 2p2, r/ = + 2p|. By Proposition (4.25), we have 



r 



A'2 



-Pi J - (C - 1)P1^ + [C + 2pi]^ = A + 2, (4.29m) 
P2 ^ - (C - 1)P2 ^ + [C + 2P2] ^ = A + 2, (4.29iM) 



where A2 is a constant. Consider following two cases: 

Case i) C = 

In this case, p2 = —\v\-, V = fPi- Then by (4.29), we have 

A'2 



-V^ = A, (4.30i) 



A/2 



Case i a) ?? = 0, 

then Pi = 0, by (4.30i), A = 0. By (4.30ii), A + 2 = 0, this is a contradiction. 

Case i b) 7^ 0, 

then Pi ^ 0. 

Case i b)l) A2 = 

by (4.30ii) and (4.30iii), A = -2 and 

+ + 2^-0 —-- (4 31) 

(j) (/>2 (j) '02 jy' 
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then ^ = cqc v which does not satisfy the first equation in (4.31), this a contra- 
diction. 

Case i b)2) A2 7^ 

by (4.30ii) and (4.30iii), we have = |(A + 2), so (/> is a constant. By (4.30ii), 
A + 2 = 0, so A2 = 0, this is a contradiction. In a word, we have no solutions when 

C = o. 

Case ii) C 7^ , 

then ?7 7^ 0. Putting (f> = ipv , then — + = 0. Hence, 



4A17 



(1) A < £, V = cie ^ 2 ^ 



(2) A 



4r?' 
4ri 



, V = cie2* + C2te: 



= cie2*cos 



(3) A>|^, V = cie 
We make (4.30) into 



+ C2e2*sin 



f - if)" 



+ 



A, V = 0^, 

A + 2, 
= A + 2, 



(4.32z) 
(4.32m) 
(4.32m) 



02p2 c (f)'^ c 0C 

When pi = P2, the type (II) spaces turns into type (I) spaces, so we assume pi P2- 
By (4.32ii) and (4.32iii), then 



P1X2V ,i-2£2i (A + 2)?7 



{P2 -P1)C 



(4.33) 



Case ii)(l) ^ < ''P = cie"* + C2e''*, where a 
By (4.33), 



_4A77 



_ WES 



4A?7 



acie"* + 6c2e 



bt 



PiA2?7 



(P2 -P1)C^ 



c 



-(cie«' + C2e'"). (4.34) 



Case ii)(l)(a) ci = , 
then 



(A + 2)r? - 



C2e 



6t 



piMv 



bt\l- 



{P2-PI)C 



{C2e'') 



2P2C 



(4.35) 



Case ii)(l)(a)l) 6/0 , P1A2 / 
then P2 = and = pi, rj = p\ and 6 — 2 

6^ — 6 + A = 0, we get —6^ + 36 = A + 2 and 6 = 1. But 6 < ^, this is a contradiction. 
Case ii)(l)(a)2) 6 7^ 0, piAa = 



1^0^ ^ ^ ^^gbt^ (4.32ii) and 
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(A+2)r? 



, SO A = -4 and 6 = -1. By (4.32iii), 



If pi = 0, then ( = 2p2, rj = and b = - 
we get A2 = and —2b^ + 46 = A + 2 which is a contradiction. 
If A2 = 0, by (4.32ii) and b = we get A = or -2. When A 



0, then 



2r, 



0, this is a contradiction. There is a similar contradiction for A = —2. 



Case ii)(l)(a)3) b = , 

then = C2, by (4.32i), A = 0. By (4.32ii), A 



-2, this is a contradiction. 



Case ii)(l)(b) C2 = , 

then 



a — 



(A + 2)7? 



cie 



at 



{P2 - Pl)C 



(4.36) 



Case ii)(l)(b)l)piA2 7^0, 

then p2 = and C = 2p2, V = 2p\ and a = ^±^/™ and A2 = A + 2 - i+v^^ . By 

(4.32ii), then a = 1 and A = 0, so A2 = 1 and ip = cie* and cj) satisfies (4.32iii). In 

t 

this case, wc get P2 = 0, pi 7^ 0, = coe^i , A = 0, A2 = 1. 
Case ii)(l)(b)2) P1A2 = 0, 

if pi = 0, then C = 2p2, rj = 2p\ and ^ = cie"* and a 
a 



(A+2)r; 



SO A = and 



1. By (4.32iii), we get A2 = and (f) satisfies (4.23ii) and (4.32iii). In this case, 

t 

Pi = 0, p2 7^ A = 0, A2 = 0, 9 = C()f; P2 . 



If A2 = , by (4.32ii) and a = then A = and a = |? = 1. By (4.32iii), then 

A2 = and (f) satisfies (4.23ii) and (4.32iii). In this case, pi 7^ 0, p2 7^ 0, A = A2 = 0, 

t 

Pi = 4p2, (l> = coe3p2 . 



2P2C 



Case ii)(l)(c) ci / 0, C2 / 0, b^ , 

If p2 7^ 0, then e"*,e''*, (cie"* + C2e^*)^ ^ are linear independent, by (4.34), then 

(A + 2)r? 



(A + 2)77 



ci = 0, 



C2 = 0,y xTflcie ) " ■ 

{P2-P1K^ 



So a = b= ^^'^2^^ , this is a contradiction. 
If p2 = , then by (4.34), 

(A + 2)?7 piX2r] 



a — 



{P2 - Pl)C^ 



0, 6- 



(A + 2)r? Pi\2'n 



iP2-pi)C 



0, 



(4.37) 



(4.38) 



so a = 6 and we get a contradiction. 
Case ii)(l)(d) a + 0. C2 + 0. h = , 

When 1 — ^ Q, we have similar discussions. When 1 — = 0, we have ^^'^^'^^ = 

1. By 6 = 0, then A = and 2r] = = 4p2C) so 4p2 = C and pi = 2p2- But 77 = 2p2C) 
then pi = P2 = 0. This is a contradiction. 
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Case ii)(2) A = V' = ciea* + C2te2*, 
by (4.33), we have 



1 /C2 , 

-ci + C2 - aoci + - ooC2ji 



= ^1 ' C1 + C2O " e2*^ . , 

(4.39) 

where ao = 3 + 
Case ii)(2)a) C2 7^ , 

so 5C1 + C2 - aoCi + (f - aoC2)t 7^ and p2 = 0. By (4.32m), A2 + ^ = A + 2, then 

1 1 

= coe(~'^2"*"'^+^^* and (ciea* + c2ie2*)T = coe^^^^'^^'^'^^^ , this is a contradiction 
with C2 7^ 0. 
Case ii)(2)b) C2 = , 
by (4.39), we have 



If ao = 5, then P1A2 = 0, and A = 2. If yi = , then ( = 2p2 and by (4.32ii), ^ = 4 
and (f)'^ = cqc'^K By (4.32ih), 

^__l|i+4i±55=4, (4.41, 

((^062*^) "7 

SO A2 = and wc have a contradiction by (4.41). 

If pi 7^ 0, then A2 = 0, so ^ = cie2* and 0^ = cqc^*. Then by (4.32ii), we have pi = 
which contradicts with pi 7^ 0. 

If ao 7^ 5, then P2 = and C = Pi) V = Pi ^i^d A = ;| and oq = |. By = cie2* and 
(4.32ii), we have a contradiction. In a word, we have no solutions in case ii)(2). 



21 1 f^^-i 

Case ii)(3) A > = cie^*cos (at) + C2e2*sin (at) , where a = ^^-^ — . By (4.33), 

we have 



,C\ X / \ / C2, . , > Pl^2ll / /X . / ■ ,1 ^P2C _2P2C 

— -+ac2)cos(at) + (-aci + — -)sin(at) = — ' ^ - - 

2 2 (P2"Pi)C 

(A + 2)r? 
C 

If p2 7^ 0, then P1A2 = and 

ci (A + 2)r? C2 (A + 2)7? 

+ ac2 = ^2 - «ci + — = ^2 '^2, (4.43) 



(— +ac2)cos(at) + (— aci +— }sm(at) = y- (ciCOs(at)+C2Sin(at)) ^ e ^ 

+ ^'' ^2"''"^ (cicos(at) + C2sin(at)). (4.42) 



so cf + c| = 0. This is a contradiction. 
If P2 = 0, then 



ci PiA2r/ (A + 2)77 C2 mA2?? , (A + 2)7? 

(4.44) 
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Then cf + = 0. This is a contradiction. By the above discussions, we get the 
following theorem: 

Theorem 4.28 Let M = I x^pi Fi x^p2 F2 be a generalized Kasner spacetime and 

dimFi = 1, dimF2 = 2 and -P = ^- Then (M, V) is Einstein with the Einstein 

constant X if and only if (-F2, V^^) is Einstein with the Einstein constant A2, and one 

of the following conditions is satisfied 

t 

(1) p2 = 0, pi / 0, = coepi , A = 0, A2 = 1. 

(2) PI = 0, P2 / A = 0, A2 = 0,,/. = coe^. 

t 

(3) pi ^ 0, p2 / 0, A = A2 = 0, ,pi = 4p2, 4> = coe3p2 . 

• Type (II) generalized Kasner space-times with a semi-symmetric metric 
connection with constant scalar curvature 

By Proposition 4.26, then (-F2, V^^) has constant scalar curvature S^^ and 

If C = , when r? = , then p^ = p2 = and S = S^^ - 6 . If r/ 7^ , then 
If C 7^ 0, putting (j) = ipv+c.'^ , we get 



AC 



12(^2 _ 1 4p2C 

+ - (-5 + e)^' + 'S^'V' ^ = 0. (4.47) 



77 + C ?7 + C 

• Type (III) generalized Kasner space-times with a semi-symmetric metric 
connection with constant scalar curvature 

By Proposition 4.26, then 

S = -2C^ - (r? + C' - 20^ + 6C| - 6. (4.48) 
If C = 77 = 0, then pi = P2 = P3 = 0, we get S = —6. 

If C = 0, ?7 7^ 0, then [(In^)']^ = — so when S + e > 0, there is no solutions, when 

— — ±J ^+^t 

5" + 6 = 0, ^ is a constant and when S + 6 < 0, (f) = cqc V 1 . 

If C 7^ 0, then 77 7^ 0, putting <^ = ipv+^^ then 

<-3/ + M|±«^ = 0. (4.49) 
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So, we get 

(l)S + 6<;^, i; = cie— ^ ' + C2e— *, 

9^2 3t 3j 



(2) 5 + 6 = ^, V = cie2* + C2te^*, 



i/j — n-i o O ^ nr\c I 



(3) 5 + 6 > ^ = ciei*cos j ^ ^ | + C2ei*sin ( -^^ -^-^ 1 

So we get the following theorem 



Theorem 4.29 Let M = I x^pi Fi x^p2 F2 X(f,P:i F3 be a generalized Kasner spacetime 

d_ 

df 



and dimFi = dimF2 = dimFa = 1, and P = 4:. Then S is a constant if and only if 



one of the following case holds 
{l)C = v = 0,S = -6. _ 

(2) C = 0, 7] 0, when S* + 6 > 0, there is no solutions, when S + 6 = 0,(pisa 

constant and when S + Q < 0, (p = cqc V v . 

(3) IfC/0 

2C 

(S+6)(^+C^) 3 ./o \ 



(3a) 5 + 6 0=|^cie 2 t + c2e 

(3b) 5 + 6 = cj) = (ciei* + catet 



2C 



9_^(S+6)^^;+c£) \ / /_9+(S+6)07±c£) 

(3c) 5+6 > = ciet*cos ^ t + C2ei*sin ' ^ 



t 



■ Einstein Type (III) generalized Kasner space-times with a semi-symmetric 
metric connection 

By Proposition 4.25, we have 





c 












^ y 
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-Pl 


J 


+ (C 


-1) 


02 










0'2 


-P2 




+ (C 


-1) 


02 










^'2 


-P3 




+ (C 


-1) 


0^ 



A/2 



4>'] 
0. 


0' 






0. 










< 




-2, this 



(4.50z) 
(4.50m) 
(4.50m) 
(4.50iu) 



If C = 77 = 0, by (4.50i), A = 0, by (4.50ii), A = -2, this is a contradiction. 
If ( = 0, r? 7^ , plusing (4.50ii),(4.50iii),(4.50iv), we get A = -2. By (4.50i), ^ 
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a.d ^ = c„.*#. Bu. by (4.50ii), .hen ^ + (« - - 2^ = 0, thi. is a contradic- 
tion. 

C 7^ 0. If pi = P2 = P3, we get type (I), so we may let 7^ P2- By (4.50ii) and 
(4.50m), we have ^ = A + 2 and ^ - 2^ = 0, so = coe(^+2)t ^nd A = -2 
or 0. When A = —2, -0 is a constant, by (4.50i), A = 0, this is a contradiction. When 

2>7t 

A = 0, ^ = cqc^ and ■0" — -0' = 0, so ^ = 1. In this case, we get when pi ^ pj for 
some z, j G {1,2,3}, A = 0, -=3 = 1. n = ror - . . We get the following theorem. 

Theorem 4.30 Let M = I x^pi Fi x^p2 F2 x^ps F3 be a generalized Kasner space- 
time for Pi 7^ pj for some i,j G {1,2,3} and dimFi = dimF2 = dimF^ = 1, 
and P = ^ . Then (M, V) is Einstein with the Einstein constant A if and only if 

A = 0, ^ = 1, = coef. 



5 Multiply twisted product Finsler manifolds 

In this section, we set {Mi,Fi) is a Finsler manifold for < i < b and fi : 
Mo X Mi -> M is a smooth function for 1 < i < b Let vrj : TMi Mi be the 
projection map. The product manifold Mq x Mi x • • • x M5 endowed with the metric 
F : TM^ x TM^ ■ ■ ■ x TM^ ^ M is considered, 
F(i;o,'yi,---,i'm) 

= yjFo\vo) + /i2(vro(t;o), ^i(i^i))Fi'(fi) + • • • + fl{Mvo),^mivm))Fi,Hvh), (5.1) 

where TM° = TMj-{0}. Let dimM; = m^, for < i < b and {x}, ■ ■ ■ ,xf\yl ■ ■ , j/f ' 
is the local coordinate on TMj. Let 

_ 1 92^2 

= 2 5^' ^^-^^ 

and ^'-^ be the inverse of gij . For a Finsler manifold (M, F) , a global vector field in 
introduced by F on TM^, which in a standard coordinate (x*,y') for TM^ is given 
by G = y*^-2G'(a;,y)^, where 

- ia^' r^.^ - (5 3) 

„j dG^ j d'^G^ j S^G^ TTi _ ^ TDi (r^ A\ 

F is called a Berwald metric and weakly Berwald metric if Bj^^ = Ej^ = respec- 
tively. Let Cijk = A Finsler metric F is said to be isotropic mean Berwald 
metric if its mean Berwald curvature is in the following form 

Eij = ^{n + l)cF-^hij, (5.5) 



Let 
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where hij = gij — F^'^yiUj is the angular metric and c = c{x) is a scalar function on 
M. Let Lijk = ^yiB\-f,. A Finsler metric is called a Landsgerg metric if Lijk = 0. 
A Finsler metric is said to be relatively isotropic Landsberg metric if it satisfies 
^ijk = cFCijk, where c = c{x) is a scalar function on M. Let Ji = g^^Liji^ and 
li = g^^Cijk- A Finsler metric is called a weakly Landsberg metric if Jj = 0. A 
Finsler metric is said to be relatively isotropic mean Landsberg metric if J, = cFIi 
for some scalar function c = c{x) on M. A Finsler metric is said to be locally dually 
flat if {F'^)xkyiy'^ = 2(-F^)a;;. A Finsler manifold (M,F) is called a locally Minkowski 
manifold if on each coordinate neighborhood of TM, F is a function of (y*) only. Let 
li = g^^Cijk and = gij-^gipy^giqy'^ andM^k = Cyk- ^{lihjk+Ijhik+hhij). 
A Finsler metric F is said to be C-reducible if Myj. = 0. Direct computations show 
that 

b mo „„2 

where (G/)-' is the geodesic coefficient of {Mi,Fi) and {giy = for < Z < b. 



for 1 < Z < b, 1 < J < mi. In the following, we write I — 1 = mo + • • • + 

GU^, = -^Y.^o^i9r)uyU (5.9) 
Gg^i = *(G,)i + ^i'S^*'*^ + *J4> (5.11) 



where 



1 " /Jf-^ 



1 '"U a„A:s af2 
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\ks 



(5.15) 



G'. 



l-l+k 

s—l+i,i — l+j 



1 



1 



Cijk — {CQ)ijk, C's-l+i,r-l+jy-l+A: ~ ^r^rfs {Cr)ijk: 

and the other six combinations are zero. Let C^^ = \g^'^^^- Then 



dy\dy] 
(5.16) 
(5.17) 



/^k / \k /^l—l+k 

and the other six combinations are zero. Let 

1 



kh 



Sghi _^ Sgj.j 5gij 



6x^ 6x^ 



5x^ 



(5.18) 



(5.19) 



where 



J- Q h mi 

— - = — - W G' 

^ '=0 Ji=l 



ay/ 



J! 



, 1 < A; < mo, 



b mi 
i=0 ji=l 



Then 

= (^o)f,- + j(5o) 



is 



Is 



iCo)hii + -^-Ti^o)hji 



{Co)jii 



(5.20) 

(5.21) 



9/^..%o) 



F: 



i,r-l+j 



l-l+k 



i,r-l+j 2/2 ^ 'dx, 



r-l+i,j 



-l+k 



j,i — l+j' 



s—l+i,r—l+j 



r—l+j,i i,i — 
r kh I 



1^' 

2 dx, 



jigo {gr)iA 



(5.22) 
(5.23) 

(5.24) 

(5.25) 
(5.26) 
(5.27) 
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F- , . 

s— l+i,r 



(5.28) 



r-l+i,j,q 



2 ^ dyidy', dxf, ' 



-. mo 



j,r-l+i,q j,q,r-l+i' 



yr—l+k 



(5.30) 

(5.31) 

(5.32) 
(5.33) 



By (5.18), then 

Proposition 5.1 The multiply twisted product Finsler manifold Mq x Mi x • • • x /j, 
Mb is Riemannian if and only if {Mi,Fi) is Riemannian for < i < b. 

Similar to Theorem 1 in [PTN], by (5.29)-(5.34) we have 

df? 

Theorem 5.2 // there is a point pi G Mq such that ■ ' — - ^ for some j G 
{ 1 , • • • , niQ }, then Mq x Mi X - • •>< fy^ Mb is a Berwald manifold if and only if (Mq , Fq ) 
is a Berwald manifold, (Mi, Fi) is Riemannian for 1 < i < b and = 0, 1 < 

I < h. 

By (5.29)-(5.34) then 

« ^=1 k=i dyldyidy^ c)Xq 
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By (5.35)-(5.37), similar to Theorem in [PTN], we have 

Theorem 5.3 Mq x f-^ AIi x • • • x Mb a weakly Berwald manifold if and only if 
(Mo,Fo) is a weakly Berwald manifold and ^"i = and 

OVq "•''0 

(Ei)ii = — — — ^, (5.38) 

for 1 < / < b. 

By (5.5) and (5.35)-(5.37), then 

Lemma 5.4 Mq x Mi x • • • x Mb has isotropic mean Berwald curvature if and 
only if 

(^o).. - oEE ;, ./L . 7)^^' = 2(" + l)^^~M(5o)i.- - i^-^(yo).(z/o),], (5.39) 

-i^H^ll^^')^ = -^^^-'/^'(^')^(yo)„ (5.40) 

_ 19(^9^ , , 1 dff , d^[{girFl] 

4 5y§ 54'^^''^^'^+'^^'''^^^ ^ff dxf'- dvldyidyf 

= 'l±lcF-\f^Si.{gi),j - F-'flf^yiUyrU (5.41) 
By Lemma 5.4, similar to Theorem 3 in [PTN], we get 

Theorem 5.5 Mq x Mi x • • • x Mb with isotropic mean Berwald curvature is a 
weakly Berwald manifold. 



By (5.29)-(5.34), we have 



b mo 



« t=i dyl^dyidyl dx^ 
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Lj=i+,—,+,,, = 0, (5.44) 

(5.45) 

By (5. 42)- (5. 45), similar to Theorem 6 in [PTN], we have 

df? 

Theorem 5.6 // there is a point pi G Mq such that ■ ' — - ^ for some j G 
{1, • • • , mo}, then Mq x Mi x • • • Xf^^ Mb is a Landsberg manifold if and only if 



do d f'"^ 

(Mn.Fn) is Landsberg, Mi is Riemannian for 1 <i <h and ^ . ^ a -d^{vo)k = 0. 



Similar to Theorem 6 in [PTN], we have 

Theorem 5.7 Mq x /-^ Mi x • • • x Mb is a relatively isotropic Landsberg manifold, 
then M is a Landsberg manifold. 

By (5.42)-(5.45), then 

^ b mo o3 fcs o f2 

^ t=i dyldyi^dyl oxq 



+ 2/f^°a4^^^^ (^^^..+ 8^2(5/) (2/0^^^, 
Similar to Theorem 8 in [PTN], by (5.46) and (5.47) we have 



Theorem 5.8 // there is a point pi G Mq such that - ' — - 7^ for some j G 

{1, • • • , mo}, then Mq x M\ x • • • x Mb is a weakly Landsberg manifold if and only 
if (Mq, Fq) is a weakly Landsberg manifold, {Mi,Fj) is Riemannian for 1 < i < b and 



Similar to Theorem 9 in [PTN] , we have 

Theorem 5.9 Mq x M\ x • • • x Mb is a relatively isotropic mean Landsberg man- 
ifold, then (M, F) is a weakly Landsberg manifold. 

Similar to Theorem 10 in [PTN], we have 
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Theorem 5.10 Mq x Mi x • • • x Mb is locally dually flat if and only if (Mq, Fq) 
is locally dually flat and fi = fi{xi) and {Mi, fiFi) is locally dually flat for 1 < Z < b. 

By Lemma 2 and Theorem 4 in [HR] and (5.25), we get 

Theorem 5.11 Mq x Mi x • • • x/b M\, is a locally Minkowski manifold if and only 
if fl = fi{xi) and {Mq,Fq), {Mi, fiFi) are locally Minkowski manifolds for 1 < Z < b. 

Similar to Theorem 1 in [PT], we have 

Theorem 5.12 Mq x M\ x ••• x Mb is C-reducible, then it is a Riemannian 
manifold. 

Let 

b 

5yi = dyi + G)d4 + ^ Gi^^^.d^ (5.49) 
1=1 

b 

5yl = dyl + G^^+^dxi + ^ G^.dT> . (5.50) 

i=\ 

Then the multiply twisted Miron metric on TM^ can be introduced as follows: 

b b 

G = {go)ijdxi®dx'Q+Y^ f^{gi)ijdxi®dxi+(t){F^){go)ijSyl^6yi+(t>{F'^) fi{m)iM®H- 
i=\ 1=1 

(5.51) 



Proposition 5.13Let M = Mq x Mi x • • • x Mb, then the Levi-Civita connection 
V on the Riemannian manifold {TM^,G) is locally expressed as follows: 



e^}^ Sxq 



F, 



2 0(F2) 



{Co) 



{Co)t^ + -{goy\goURlMF") 



1- Ff 

Sxf, 



d 



1 



{fr m-'^\gr)is - G\—,^^{go)i, —,+—,{9rr{go)kjRU^,,,<t^{F')—, 



dy'r 2/2 



5x^ 
(5.53) 



V^— - = r 

avl 0x1 dy'^ 



''dyl dy\ 



(5.54) 
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V^— = „ — + :r-TT;7TT— ^-^^-r^ — , for r 7^ t, (5.57) 



d . 0^(F2) i_d_ 



Bvi oyi- 



+-{9ot<t>{F') 



r-l+s f2i 



+ 
1 



5xi 



</.(F2) 



i9r)ijyq 



dx^ ^■'^ ^^"^^'^^ q-l+k,r-l+j 



ja 



d 

4>{F 



2^ ^ 



(5.58) 



— - -( 



V^-^ = ^(5o)"' 



_d_ 
dy^ 



:{9rr 



6 



J dy^ 



1 



6 



(5.59) 



d_ 

^dyl 



d_ 
s^dyi- 



d_ 



d_ 

-i+Jdyl 



V a =V « ^-G'^— i-^.-^-G*^^.^, (5.60) 
V^-- = UCo)^,+ 



4(yo)i + (5Kyo)i - {9o)ijy^ 



{9or'^{F-' 



1 



-^(5o)ii + G[j{9o)ii + G[i{go)ij 



d 
dyo 
<I>'{F'), d 



6X^ ^^°^'^>(F2) « 



+ ^(5r)*V(i^') 



■^(<?o)ji + Gl:^^^^.i9o)ii + G|:^^^^.(3o)o- 



(5.61) 



-^{9o)ik + G\::^^. .{gQ)ik - G'^^^ f,{go)ii 



d 

dyi 
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S 1 



s 

(5.62) 



_d_ 



1 



(55 



V — = V — - — - G^Ei+' A 



(5.63) 



,^'(F2^ 



9 1 



/3' 



^ d ^ d 

V^TT- = 7, 



1 



+ (-^M^-7^(a)f,+^i?s:f^. 



1 



.s-l+13 



(l)(^F'^y ""'ij 2 r-l+i,t-l+jj Qyl3 



9 ^TTT 



-sa^r dyl 2 



dy'o 



5x 
(5.64) 

(5.65) 



(5.66) 



+—(a 



+ 



5x. 

5 



1 



s—l+k,r—l+i 



igt)ij4>{F 



1 — l+i,s—l+k 

5 



d 



- dy 



V 



d 



nil _^ (^S-l+l /c f50\ 

tl H -J^^dyl r-l+i,t-l+j Qyl^ r-l+i,t-l+j dyi; ' 



Let the horizontal bundle HTM^ and vertical bundle VTM^ have the basis 
A, A, A, A- We say that vertical bundle FTM" is totally geodesic in TTM^ 

dXp OX^ QyJ^ dyJ 

if V_s_g^ G r(yTM'^). Similarly, the horizontal bundle HTAI^ is totally geodesic 



dy 



in TTMO if G T{HTM^). Similar to Proposition 3, 4 in [PT], we have 
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Proposition 5.14Let M = Mq x Mi x ■ ■ ■ x Mb, then VTM^ is totally geodesic 
if and only if F^^ = G^^. 

Proposition 5.15Let M = Mq x Mi x ■ ■ ■ Xf^, Mb, then HTM^ is totally geodesic 
if and only if {Mi,Fi) is Riemannian for < i <h and R^^ = 
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